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Abstract: Generation (or a posteriori) methods in Multi-Objective Mathematical Programming (MOMP) is the 

most computationally demanding category among the MOMP approaches. Due to the dramatic increase in 

computational speed and the improvement of Mathematical Programming algorithms the generation methods 

become all the more attractive among today’s decision makers. In the current paper we present the generation 

method AUGMECON2 which is an improvement of our development, AUGMECON. Although AUGMECON2 

is a general purpose method, we will demonstrate that AUGMECON2 is especially suitable for Multi-Objective 

Integer Programming (MOIP) problems. Specifically, AUGMECON2 is capable of producing the exact Pareto 

set in MOIP problems by appropriately tuning its running parameters. In this context, we compare the previous 

and the new version in a series of new and old benchmarks found in the literature. We also compare 

AUGMECON2’s performance in the generation of the exact Pareto sets with established methods and algorithms 

based on a specific MOIP problem (knapsack) and on published results.  

Keywords: Multi-Objective Programming, ε-constraint method, exact Pareto set 

1. Introduction 

The rapid improvement in computer performance, software and algorithms transformed the almost 

unsolvable calculation problems of previous decades into trivial tasks. This is especially true for 

Mathematical Programming where problems with thousand of variables and constraints can be solved 

in seconds or minutes. It is well known that the Multiple Objective Mathematical Programming refers 

to the solution of Mathematical Programming problems with more than one objective functions. Given 

that usually there is no unique optimal solution (optimizing simultaneously all the objective functions), 

the aim is to find the most preferred among the Pareto optimal solutions [1]. Therefore, MOMP 

methods have to combine optimization with decision support.  

In the late seventies Multiple Objective Mathematical Programming methods were classified by 

Hwang and Masud into three classes according to the phase in which the decision maker was involved 

in the decision making process [2]: The a priori methods, the interactive methods and the a posteriori 

or generation methods. The latter class was somehow neglected at this time as it was the most 

computationally demanding and only small problems could be addressed mostly with academic 

software.  

Nowadays, with the vast improvement in computer power the generation approaches become all the 

more popular as they have some significant advantages. The solution process can be divided into two 

separate phases: Phase one is the generation of the Pareto optimal solutions (all or a subset of them). 

Phase two is the subsequent involvement of the decision maker when all the information is on the 
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table. No re-optimizations and further interaction are needed (especially important whenever the DM 

is hardly available) and the fact that none of the potential solutions has been left undiscovered, 

reinforces the DM’s confidence on the final decision.   

AUGMECON is a generation method introduced by Mavrotas in [3]. It is an improvement of the 

original ε-constraint method which is along with the weighting method one of the two most popular 

methods for generating representations of the Pareto front. As it is described in [3], the ε-constraint 

method has certain advantages in relation to the weighting method especially in the presence of 

discrete variables (Mixed Integer or Pure Integer problems). In the current work we are going one step 

further, introducing AUGMECON2 an improvement of AUGMECON that exploits the information 

from the slack variables in every iteration. The improvements regard the reduction in computation 

time as many redundant iterations are avoided.  

These improvements are more effective when the problem contains discrete variables and the feasible 

region is non-convex. AUGMECON2 proved to be very efficient in Multi-Objective Integer 

Programming (MOIP) problems where the Pareto set is finite and countable. The AUGMECON2 can 

be used in order to effectively produce approximations of the Pareto set. By controlling the number of 

grid points, we control the density of the approximation. However, its major advantage is that in 

MOIP problems we can adjust the method in order to produce all the Pareto optimal solutions (exact 

Pareto set).  

This is extremely important as the optimization community is interested in methods producing the 

exact Pareto set in Multi-Objective Combinatorial Optimization (MOCO) problems (see e.g. [4-6]). 

Various methods have been proposed, either generic or specific (for specific MOCO problems like e.g. 

the knapsack problem) that are able to find all the Pareto optimal solutions in MOCO problems. This 

kind of problems can be formulated as mathematical programming problems and more specifically as 

MOIP problems (usually with only 0-1 variables).  

The rest of the paper is organized as follows: In Section 2 the novel parts of the AUGMECON2 

method are described and the application of the proposed method in the generation of the exact Pareto 

front in Multiobjective Integer Programming problems is illustrated. In Section 3 the computational 

experiment for the evaluation of the proposed method in MOIP test problems is described and the 

results of the comparison of AUGMECON2 with other methods (including its older version) in a 

variety of new and existing in the literature test problems are discussed in Section 4. Finally in Section 

5 the basic concluding remarks are discussed.   

 

2. Methodological part 

2.1 The improved version of the augmented ε-constraint (AUGMECON2) 

We start this section by briefly describing the original version of the augmented ε-constraint method, 

named AUGMECON [3] for the integrality of the paper. AUGMECON enhances the conventional ε-

constraint method for generating the Pareto optimal solutions in Multi-Objective Mathematical 

Programming problems. It is well known that the ε-constraint has certain advantages in relation to the 

weighting method as described in [3]. AUGMECON addresses some weak points of the conventional 

ε-constraint, namely, the guarantee of Pareto optimality of the obtained solution in the payoff table as 

well as in the generation process and the increased solution time for problems with several (more than 

two) objective functions.  
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In the original AUGMECON method the problem solved is the following: 

max (f1(x) + eps (S2 /r2 + S3 /r3 +…+ Sp /rp))         

st 

f2(x) – S2 = e2  

f3(x) – S3 = e3            (1) 

. . .  

fp(x) – Sp = ep 

x  S  and  Si  R
+
 

where e2, e3,...,ep are the parameters for the RHS for the specific iteration drawn from the grid points 

of the objective functions 2,3,...,p. The parameters r2, r3,...,rp are the ranges of the respective objective 

functions. S2, S3,..., Sp are the surplus variables of the respective constraints and eps  [10
-6

, 10
-3

]. 

In AUGMECON2, the improved version of AUGMECON we slightly modify the objective function 

as follows: 

max (f1(x) + eps (S2 /r2 + 10
-1 S3 /r3 +…+ 10

-(p-2)
  Sp /rp)) 

This modification is done in order to perform a kind of lexigographic optimization on the rest of the 

objective functions if there are any alternative optima. For example, with this formulation the solver 

will find the optimum for f1 and then it will try to optimize f2, then f3 and so on. With the previous 

formulation the sequence of optimizations of f2 to fp was indifferent, while now we force the 

sequential optimization of the constrained objective functions (in case of alternative optima). 

As it is explained in [3], for each objective function 2...p we calculate the objective function range. 

Then we divide the range of the k-th objective function to qk equal intervals using (qk-1) intermediate 

equidistant grid points. Thus we have in total (qk+1) grid points that are used to vary parametrically 

the RHS (ek) of the k-th objective function. The total number of runs becomes (q2+1)  (q3+1)  . . .  

(qp+1). Let rk be the range of the objective function k (k=2...p). Then the discretization step for this 

objective function is given as: 

stepk = rk/qk 

The RHS of the corresponding constraint in the t-th iteration in the specific objective function will be:  

ekt = fmink + t × stepk 

where fmink is the minimum obtained from the payoff table and t the counter for the specific objective 

function. 

In each iteration we check the surplus variable that corresponds to the innermost objective function. In 

this case it is the objective function with p=2. Then we calculate the bypass coefficient as: 

b = int(S2/step2) 

where int( ) is the function that returns the integer part of a real number. When the surplus variable S2 

is larger than the step2, it is implied that in the next iteration the same solution will be obtained with 

the only difference being the surplus variable which will have the value S2-step2. This makes the 
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iteration redundant and therefore we can bypass it as no new Pareto optimal solution is generated. The 

bypass coefficient b actually indicates how many consecutive iterations we can bypass.  

This can be shown with the following example: Assume that we have a three-objective problem with 

the following payoff table (all objective functions to be maximized): 

Table 1. Payoff table 

 f1(x) f2(x) f3(x) 

max f1(x) 980 796 803 

max f2(x) 836 876 765 

max f3(x) 809 821 905 

 

From the payoff table we have r2=80 and r3= 140. We then divide the two ranges in 10 equal intervals 

with step2=8 και step3=14. The AUGMECON2 process is the following: 

For i=0 to 10 

 e3=765 + i×14 

For j=0 to 10  

  e2=796 + j×8 

  Solve (1) 

 Next j 

Next i 

The objective function f2(x) is the innermost loop (j counter). Assume that we are in the 2
nd

 outermost 

(where i=1) and the 5
th
 innermost iteration (where j=4) where e3=779 and e2=828 which are the shaded 

cells in Table 2.  

Table 2. Grid points of the problem 

obj. 

function 
counter 

grid points 

0 1 2 3 4 5 6 7 8 9 10 

f2(x) j 796 804 812 820 828 836 844 852 860 868 876 

f3(x) i 765 779 793 807 821 835 849 863 877 891 905 

 

After the optimization we obtain S2=18 and S3=9, which mean that in this iteration the value for the 

second objective function is: 

 f2 = e2 + S2 = 828+18 = 846         and        f3 = e3 + S3 = 779+9 = 788.  

We conclude that it is redundant to perform the next two iterations with j=5 and j=6 (strikethrough in 

table 2) because we will result in the same Pareto optimal solution with f2=846. The only difference is 

that the surplus variables will be 10 (=18-8) and 2 (18-28) for j=5 and j=6 respectively. Therefore we 

can bypass these two iterations and go directly from j=4 to j=7 (value for e2=852 in Table 2). The 

bypass coefficient b is calculated as b = int(18/8) = 2. The flowchart of the new algorithm is shown in 

Figure 1: 
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Create payoff table
(lexmax fk(X), k=1…p )

Problem P

max [f1(X) + eps  (S2 /r2 + 10-1 S3 /r3 +…+ 10-(p-2)  Sp /rp)]
St

XF
fk(X) – Sk = ek k=2...p

where 
fk(X) objective functions to be maximized 

ek = lbk + ik stepk   

lbk: lower bound for objective function k
stepk = rk/gk : step for the objective function k
rk: range of the objective function k
gk: number of intervals for objective function k 
Sk: surplus variable for objective function k
F: the feasible region
eps: a very small number (usually 10 -3 to 10-6)
nP: number of Pareto optimal solutions
b = int(S2/step2): bypass coefficient – int() means integer part

Set lower bounds lbk for k=2…p

Calculate ranges rk for k=2…p

Divide rk into gk intervals 
(set number of gridpoints =gk+1)

Initialize counters:
ik=0 for k=2…p,    nP=0

Solve problem P

Feasible?

ip < gp?

ip-1 < gp-1?

i2 < g2?

ip = ip + 1

ip-1 = ip-1 + 1

i2 = i2 + 1

nP = nP + 1
Calculate b

b= int(S2/step2)

i2 = g2

i2 = 0

ip-1 = 0

i2 = i2 + b

END

START

YES

NO NO

YES

YES

NO

NO

YES

 

 

Figure 1. Flowchart of the AUGMECON2 method 

In this way, using the bypass coefficient to exploit the information from the slack/surplus variables of 

the constrained objective functions we greatly accelerate the algorithm as we avoid redundant 

iterations. As we will see in the subsequent section the “jumps” caused in the innermost loop become 

even more significant when we reduce the step size (increase the grid density). Therefore, we take 

advantage of this property in order to produce the exact Pareto front in MOIP problems in reasonable 
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computation time. The GAMS code with some instructions and instances/results of this paper are 

available in https://sites.google.com/site/kflorios/. 

2.2 Calculation of the exact Pareto set in MOIP problems using AUGMECON2 

As it was mentioned, the ε-constraint method can be properly used for the generation of the Pareto 

optimal solutions in MOMP problems with discrete variables. In the case of MOIP and 0-1MOMP 

problems (MOIP problems with only 0-1 variables as integer variables which are the vast majority of 

MOIP problems) the ε-constraint method can be used to produce the exact (or complete) Pareto set, 

which means all the Pareto optimal solutions. As it is well known the size of the Pareto set is finite in 

MOIP problems and the AUGMECON2 is therefore suitable for generating the exact Pareto set for 

these problems. The only conditions are the following: 

1. The objective function coefficients must be integer  

2. The nadir points of the Pareto set must be known 

In order to relax the first condition we can easily transform the problem to have integer objective 

function coefficients by multiplying with the appropriate power of 10. For example if we have one 

decimal digit in the objective function coefficients, we multiply them with 10, if we have two decimal 

digits we multiply them with 100. It must be noted that the greater the magnitude of the objective 

function coefficients the more time consuming is the generation of the exact Pareto set (see e.g. 

section 3 in the computational experiment). The reason is that the range of the objective functions is 

inevitably greater. 

In order to relax the second condition it is adequate to know a lower bound of the nadir point (for 

maximization problems). The payoff table in multi-objective programming provides the individual 

optima of the objective functions (in the diagonal). However, it is well known (see e.g. Isermann and 

Steuer [7]) that it does not guarantee the calculation of the nadir points except only for problems with 

just two objective functions. For problems with three and more objective functions the minima of the 

payoff table’s columns do not necessarily provide the nadir point of the problem. Consequently, in 

order to be sure that we have the true nadir points we cannot rely on the values of the payoff table. We 

must either calculate them using one of the methods in the literature, or estimate some lower bounds of 

them. The latter usually results in slightly higher computational effort afterwards, during the 

AUGMECON2 process. The closer is the lower bound to the nadir point the less is the computational 

time as the objective function range becomes narrower.  

In order to calculate the nadir point several approaches have been proposed in the literature (see e.g. 

[7-11]). In the case of MOIP problems we find the procedure of Jorge [11] as more suitable to our 

case. Specifically, we just reverse the direction of optimization of the p-1 objective functions and 

optimize them over the integer efficient set, obtaining thus the elements of the nadir vector.  

The computational strategy for calculating the exact Pareto set in MOIP problems with integer 

objective function coefficients is the following (without loss of generality, assume that all the 

objective functions are to be maximized): 

1. Calculate the objective function ranges of the p-1 objective functions. This means that we 

have to calculate or estimate lower bounds for the nadir points. If the nadir points are not 

given (e.g. in the literature for the specific problem), we apply the method of Jorge [11] for 

calculating them. 

https://sites.google.com/site/kflorios/
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2. Assume that the objective function range for the k-th objective function is rk (integer). We 

select for each objective function a unity step so that for each one of them the number of grid 

points is exactly rk+1  

3. We apply AUGMECON2 and obtain the exact Pareto set. The unity step size and the 

calculation (or approximation with lower bounds) of the nadir point guarantee that no Pareto 

optimal solutions are left undiscovered.  

The above calculation procedure is straightforward and can be easily coded either using an external 

solver with a programming language or in a modeling language. In our case it is coded in GAMS 

modeling language [12].  

 

3. Computational experiment 

The computational experiment comprises the well studied Multiobjective Multidimensional Knapsack 

Problem (MOMKP) which is the multiobjective version of the well known Multidimensional 

Knapsack Problem (MKP). The MOMKP is a fundamental MOIP problem. Let us first discuss the 

formulation of the problems under study. 

The general Multi-Objective Integer Programming (MOIP) problem can be formulated as follows: 

 

max  

. .    

           0        n

Cx

s t Ax b

x x



 Z

  (2) 

where C  is a k n  matrix,  A  is a m n  matrix and b is a m  vector. 

The Multi-Objective Multidimensional Knapsack problem (MOMKP) can be formulated as follows: 

 

max  

. .    

           0        {0,1}n

Cx

s t Ax b

x x



 {

  (3) 

where C  is a k n  matrix,  A  is a m n  matrix and b is a m  vector. 

The computational experiment included benchmarks for two objectives and three objectives MKP. 

3.1 Two objective MKP 

The improved augmented epsilon constraint with jumps (AUGMECON2) presented in this study is 

compared to the original version of augmented epsilon constraint (AUGMECON) developed in [3], 

firstly in a test bed of 16 artificial datasets (in total, 32 runs). The structure of these datasets is 

illustrated in Table 3. 
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Table 3. The test bed of 16 datasets for two objective MKP 

 2 digits for C 3 digits for C 

U instances 2kp100 2kp100b 

 2kp250 2kp250b 

 2kp500 2kp500b 

 2kp750 2kp750b 

   

W instances 2kp-W-100 2kp-W-100b 

 2kp-W-250 2kp-W-250b 

 2kp-W-500 2kp-W-500b 

 2kp-W-750 2kp-W-750b 

 

There are 3 parameters in the creation of Table 3 datasets: a) Type of instances b) digits for C matrix 

and c) number of items, n 

a)  Type of instances. In the literature only the U type of instances is present (“U” stands for 

Uncorrelated instances for C and A matrix elements) and especially with 2 digits for C matrix. In this 

type belong the mostly used data of Zitzler and Laumanns available at [13] and [14] (which appear in 

the web site  http://www.tik.ee.ethz.ch/sop/download/supplementary/testProblemSuite/ ) that have 

been extensively used in the literature. These are called 2kp100, 2kp250, 2kp500 and 2kp750 in our 

study. They comprise two objectives, two constraints and n=100,250,500,750. These are the standard 

benchmarks. U type refers to C matrix elements derived from a Uniform distribution, either in 

U[10,100] (2 digits) or U[100,1000] (3 digits).  

In addition to U type instances, we have added according to Shah and Reed in [15] the new type of 

“W” instances, which stands for Weakly correlated instances for C and A matrix elements. Following 

Shah and Reed in [15] we have also introduced correlations between C and A matrix elements. For 

each knapsack i, the technological coefficients aij are generated randomly between 10 and 100 (e.g. 

aijU[10,100]) and the objective function coefficients cijU[aij – 10, aij + 10]. This correlation level is 

a realistic factor because e.g. in project selection settings it is expected that probably higher cost 

candidate projects may have higher evaluation score in some quality criteria. In general the W type 

problems are harder to solve than the U type. These datasets with their exact Pareto fronts are 

available in https://sites.google.com/site/kflorios/augmecon2. 

b) Digits for C matrix. It is expected that when larger coefficients for the objective functions are 

present, the MOIP problem becomes more difficult to be solved exactly, since the pay off table results 

in an order of magnitude greater range between ideal and nadir point co-ordinates. So, also instances 

with 3 digits for C matrix elements have been studied which come from the corresponding 2 digit 

instances by simply adding a small error term e   U[0,9] and multiplying the scale of the 2 digit 

instances by a factor of 10. So, the structure of each instance is not altered by a different sampling. We 

note that only the C coefficients have been refined to 3 digits precision. The A coefficients remain in 2 

digits precision, so the constraints and thus feasible region of MOIP remain unchanged. We have only 

increased precision in the measurement of the objective functions. This makes the 3 digits instances 

http://www.tik.ee.ethz.ch/sop/download/supplementary/testProblemSuite/
https://sites.google.com/site/kflorios/augmecon2
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harder to solve exactly. This is also true even for Dynamic Programming algorithms in single 

objective single constraint knapsack  problems as stated in an example in Papadimitriou and Steiglitz 

[16], pp.424-425. 

c) Number of items, n. Following Zitzler and Laumanns standard datasets, we have restricted our 

study in the range n=100, 250, 500, 750 items. Also, larger samples have been created with 1000, 

1250 and 1500 items, but were not solved because the exact solution of the 750 item benchmarks was 

already time consuming, and we chose to expand to factors a) and b) previously mentioned and not 

just expand the size of the instance, n, keeping only U type and 2 digits instances into account. For U 

type and 2 digits for C coefficients instances, (the Zitzler-Laumanns benchmarks) Lust has made 

available also the datasets and the Pareto Fronts at his site for the two objectives case 

https://sites.google.com/site/thibautlust/research/multiobjective-knapsack 

3.2 Three objective MKP 

The three objective MKP was analysed using only 3 datasets which are illustrated in Table 4. 

Table 4. The three datasets for three objective MKP 

 2 digits for C 

U instances 3kp40 

 3kp50 

 3kp100 

 

The dataset coding 3kpX means knapsack problems with three objective functions, three constraints 

and X binary variables. The instances 3kp40 and 3kp50 are taken from Laumanns et al. [17] while 

3kp100 is taken from Laumanns et al. [18] and also the Zitzler-Laumanns TestProblemSuite site 

mentioned in Section 3.1. The instances 3kp40 and 3kp50 have been also solved in Florios et al. [6]. 

The main interest here is the solution of 3kp100 which is rather challenging. According to Laumanns 

et al. in [18], 255h (=hours) was the run time for this instance with adaptive epsilon constraint. In this 

study, the AUGMECON2 method proposed improves greatly in this run time, being roughly an order 

of magnitude faster. 

4. Results and Discussion 

The MOMKP model and the augmecon2 method proposed in this paper have been created and solved 

in GAMS 23.5 environment using CPLEX 12.2 solver. The OS is Windows 7 32-bit and the hardware 

is a standard core i3 notebook at 2.13 GHz with 4GB RAM for the 4.1 Subsection runs (two objectives 

MKP) and a standard core i5 notebook at 2.40GHz with 4GB RAM for the 4.2 Subsection runs (three 

objectives MKP). 

4.1 Two objective MKP results 

The results from the two objective multidimensional knapsack problems are shown in tables 5-8. The 

Grid points are actually the second objective function’s range increased by one. The Models solved are 

the number of IP problems solved for each problem, i.e. the model described in (1). |PF*| is the 

cardinality of the Pareto Front (number of Pareto optimal solutions in the exact Pareto Front) 

 

https://sites.google.com/site/thibautlust/research/multiobjective-knapsack
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Table 5. AUGMECON2 and AUGMECON statistics for 2-objective MOMKP (U-Type, 2 digits) 

U Type 

[10,100] 

CPU 

time sec 

Grid 

points 

Models 

solved 

|PF*| 

AUGMECON2     

2kp100 40 823 144 121 

2kp250 932 2534 594 568 

2kp500 9601 4176 1654 1416 

2kp750 43355 7232 3699 3030 

     

AUGMECON     

2kp100 227 823 823 121 

2kp250 2781 2534 2534 568 

2kp500 15290 4176 4176 1416 

2kp750 55483 7232 7232 3030 

 

Table 6. AUGMECON2 and AUGMECON statistics for 2-objective MOMKP (U-Type, 3 digits) 

U Type 

[100,1000] 

CPU 

time sec 

Grid 

points 

Models 

solved 

|PF*| 

AUGMECON2      

2kp100b 48.16 8225 136 135 

2kp250b 1914 25341 746 732 

2kp500b 17132 41774 2396 2332 

2kp750b 92913 71966 6143 5868 

     

AUGMECON     

2kp100b 2457 8225 8225 135 

2kp250b 30621 25341 25341 732 

2kp500b 145686 41774 41774 2332 

2kp750b - - - - 

 

Table 7. AUGMECON2 and AUGMECON statistics for 2-objective MOMKP (W-Type, 2 digits) 

W type 

[10,100] 

CPU 

time sec 

Grid 

points 

Models 

solved 

|PF*| 

AUGMECON2     

2kp-W-100 309.11 278 111 111 

2kp-W-250 4251 666 375 375 

2kp-W-500 7514* 1944 968 834 

2kp-W-750 12579* 1914 1556 1251 

     

AUGMECON     

2kp-W-100 567.80 278 278 111 

2kp-W-250 4593 666 666 375 

2kp-W-500 9052* 1944 1944 834 

2kp-W-750 13562* 1914 1914 1251 
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Table 8. AUGMECON2 and AUGMECON statistics for 2-objective MOMKP (W-Type, 3 digits) 

W Type 

[100,1000] 

CPU 

time sec 

Grid 

points 

Models 

solved 

|PF*| 

AUGMECON2     

2kp-W-100b 816.11 2803 205 197 

2kp-W-250b 24032 7267 1678 967 

2kp-W-500b 46569* 19527 3256 2980 

2kp-W-750b 128454* 19619 5529 4960 

 

AUGMECON 

    

2kp-W-100b 6765 2803 2803 197 

2kp-W-250b 59831 7267 7267 967 

2kp-W-500b 130022* 19527 19527 2980 

2kp-W-750b - - - - 

 

Where an asterisk (*) is noted, this means that four threads of CPLEX have been used for the IP sub-

problems (otherwise only one thread of CPLEX has been used). Dashes “-“ in the cells mean that the 

specific runs did not terminate after 48 hours. 

Tables 5-8 report on the CPU time, Grid points, Models Solved and |PF*| of the corresponding 

datasets. By looking at Table 5 results, we see a significant decrease of CPU time and Models Solved 

in favour of AUGMECON2 over original AUGMECON.  This advantage is attributed to the jumps 

introduced (see section 2.1) which skip redundant gridpoints. This is even more apparent in the results 

of Table 6, where the digits of C matrix are three, and the gridpoints are ten times more, due to larger 

integer coefficients. The models solved for AUGMECON2 in Table 6 are driven by |PF*|, being a 

desirable feature of the algorithm, while the models solved for the original AUGMECON are driven 

by the gridpoints’ number, which is very high, due to the large coefficients present. The example of 

Figure 2 is characteristic. It depicts the computational time and the “models solved” parameters for the 

four 2kp problems with large coefficients (data from Table 6).  

 

Figure 2. Computational time and “models solved” for the 2kp problems of U-type with objective 

function coefficients in [100-1000] 

This is a key finding of this study, which justifies the improved version of AUGMECON2. Also, the 

differences are overwhelming in the CPU time in Table 6 between the two versions. AUGMECON2 is 
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found to be an order of magnitude faster than the original AUGMECON, and also AUGMECON2 

solves the hardest 2kp750b dataset, whilst the original AUGMECON cannot solve it in 2 days limit.  

By looking at Table 7 results, we evaluate the newly introduced W type instances. Firstly, the size of 

the Pareto front in these instances seems to be less than the size of the Pareto front in corresponding U 

type instances, with the same number of digits for C elements. Also, while for smaller number of 

items, W type instances seem to be harder than U type instances, the 4 thread use of CPLEX makes 

even the larger 500 and 750 item datasets affordable. Comparing AUGMECON2 to the original 

AUGMECON, we see that in these datasets, AUGMECON2 is marginally faster again. Table 8 

instances are probably the hardest to solve since both complicating factors are present, W type and 3 

digits for C elements. Again, we note that the number of Models solved  for AUGMECON2 is driven 

by the |PF*| number, whilst for original AUGMECON the models solved are driven by the gridpoints 

which eventually result in a prohibitive number, due to the large coefficients present. AUGMECON2 

again solves a dataset, namely 2kp-W-750b that the original AUGMECON cannot solve in 2 days 

limit. In Table 8 results, AUGMECON2 is 2-3 times faster than the original AUGMECON.  

4.2 Three objective MKP results 

Table 9 presents the results for the exact solution of U type instances with 2 digits for C in three 

objectives and three constraints. From Section 4.1, one concludes that AUGMECON2 dominates 

AUGMECON in all benchmarks with two objectives and two constraints. This is by far confirmed in 

the three objective cases. Additionally, in this section we compare AUGMECON2 with method 

ADECON of Laumanns et al. [17, 18] and MCBB [6, 19]. For large instances ADECON is clearly 

better than MCBB. Nevertheless, for small to medium instances (up to 30-40 binary variables), MCBB 

remains the fastest method, but it failed to provide a solution for the 100 binary variables (stopped 

after 48h). It should be noticed that there is a dominated objective vector among the 6501 Laumanns et 

al. report on their website. Our results conform with those of Lust at his web site. We find exactly 

6500 non dominated vectors for 3kp100. The nadir vectors of these problems, which are necessary for 

the implementation of AUGMECON2, were given as the exact Pareto front of these benchmarks is 

available in the literature. As it was mentioned, the runs of AUGMECON2 and AUGMECON were 

made by the authors in a core i5 2.4GHz and the results of the previous methods (computational times 

of ADECON and MCBB) are adjusted according to the benchmarks of Dongarra [20] and the use of 

LINPACK utility for standardization of system performance. 
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Table 9.  AUGMECON2 statistics and comparison with AUGMECON, Adecon, and MCBB for 3-

objective MOMKPs (U-Type) 

U Type 

[10,100] 

CPU time Grid points per 

obj. function 

Models 

solved 

|PF*| 

AUGMECON2     

3kp40 37 min 540 7802 389 

3kp50 159 min 846 24903 1048 

3kp100 33 h 1236 103049 6500 

     

AUGMECON     

3kp40  15 h 540 242386 389 

3kp50  41 h 846 489746 1048 

3kp100  dnt* 1236 dnt dnt 

     

ADECON [18]     

3kp40 29 min - 26846 389 

3kp50  209 min - 128695 1048 

3kp100  120 h - 644689 6501 

     

MCBB [6]     

3kp40 6.5 min - - 389 

3kp50 164 min - - 1048 

3kp100  dnt - dnt dnt 

*dnt = did not terminate within 48 hours which means problem too big for the method 

5. Concluding remarks 

The aim of this paper is to propose and evaluate an enhancement of the original augmented ε-

constraint method which is especially suitable to cope with MOIP problems. Specifically, the new 

version AUGMECON2 proved to be very efficient in providing the exact Pareto set in MOIP 

problems compared to the previous version and some other methods in the literature. The basic 

innovation in AUGMECON2 in relation to the original version is the introduction of the bypass 

coefficient. The bypass coefficient exploits the slack/surplus information of the innermost constrained 

objective function and skips an often considerable number of grid points before it proceeds to the next 

call to the solver. This is done with no cost whatsoever to the accuracy of the algorithm as only 

redundant iterations resulting in the same Pareto optimal solution are skipped. So, being a win-win 

feature, the bypass coefficient is proven a valuable characteristic of AUGMECON2 over 

AUGMECON as shown in the computational experiment with a well known MOIP problem. In the 

computational experiment we used known benchmarks found in the literature as well as some new 

benchmarks that are published for first time. The problem in which the performance of the proposed 

method is evaluated is a well studied MOIP problem, namely the Multi-Objective Multidimensional 

Knapsack Problem (MOMKP). 

Regarding the MOMKP, the proposed method solved successfully difficult bi-objective instances of 

the MOMKP, both uncorrelated and weakly correlated. It greatly improves the original version 

AUGMECON and this is more apparent where larger integer coefficients for the objective functions 

are present. The key finding is that the “models solved” metric for AUGMECON2 is linear in the size 
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of the Pareto front in all bi-objective MOMKP instances, while for the original AUGMECON method 

the “models solved” metric is proportional to the number of grid points which is actually the range of 

the payoff table for the constrained objective. Especially in the case of 3 digit objective function 

coefficients (i.e. in the range [100, 1000]) the economies of AUGMECON2 over AUGMECON are 

impressive. As it is obvious, the 3 digit objective function coefficient problems are harder to solve 

than the regular 2 digit coefficients problems. In addition, it is also noticed that the newly introduced 

W type instances are harder to solve than the regular U type instances, although the cardinality of their 

Pareto front is noticeably smaller. The three objective problems are much more challenging than bi-

objective problems. For three objectives and three constraints, only up to 100 items are solved, in high 

computational time. We tested AUGMECON2 in benchmark problems found in the literature and we 

compared it also with two other exact methods, namely, the adaptive ε-constraint (ADECON) and 

MCBB. The results were favourable for AUGMECON2 especially in the larger instances.  

Future research includes some methodological issues. The methodological issues have to do with the 

further exploitation of the information provided in every iteration of the ε-constraint method (to create 

bypass rules not only for the innermost loop) and the safe calculation of lower bounds for the nadir 

values. Parallelization of the process is also within our future plans as well as testing of the method in 

other MOIP problems like e.g. Multi-Objective Set Covering problems, Multi-Objective Shortest Path 

problems and Multi-Objective Spanning Tree problems.  
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