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Design Goals

1. modeling nonlinear functions or dynamical equations for technical and
scientific applications in engineering and natural sciences

2. Fortran-similar syntax

3. flexible program organization in form of a Fortran tool box without fixed
attachment to domain-specific modeling system

4. direct interpretation of given code for function and derivative computations
5. generation of efficient Fortran code for function and gradient evaluations

6. extendable by user-provided symbols and functions
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Automatic Differentiation

Purpose: Given a function f : R™ — R and z € R™. Compute V f(x)

Function evaluation: Let f; defined on R™, ¢+ =mn+1, ..., m, be a sequence
of elementary functions for f, m > n with index sets J; C {1,... ,7 — 1},
|J;| =mn;,i=n+1, ..., m,such that a function value f(x) is evaluated

according to the following program:

For 1=n+1,... ,mlet
z; = filzp, k € J;)
Let f(x)=axm .

See also: ADIFOR (Bischof et al.;1992), ADOL-C (Griewank et al., 1991)




Automatic Differentiation (continued)

Example:

f(zy,20) = (] + x9)x| + sin(xo)

Function and gradient evaluation:

r3 = fa(ry,20) = x1+x2 , J3={1,2} ,

vy = filzs,z1) = z3T Jy={3,1} ,
Ty = f5(fl?> = sin(xg) ,  Jy={2} ,
rg = folrg,x5) = x4+ax5 , Jg={4,5} .

Result: f(x, x9) = xq
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Automatic Differentiation (continued)

Forward mode: Compute derivatives within forward loop by chain rule

For i=1,...,n let

VCBZ' = €5
For :=n+1,...,m let

x; = filzp, k € Jy),
Ofi(zy, k € J;)

Vmi — Z VCIZj
jEJi 3$]
Let f(iB) — Lm,
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Automatic Differentiation (continued)

Reverse mode: Compute intermediate variables x,, 1 1, ... , Tm, then perform

reverse sweep

For

Let

For

Let

t=n+1,...,mlet
r; = filr, k€ J;), y; =0 .
f<m):xm7
v, =0,2=1,... ,n, ym=1 .
t=m,m—1,... ,n+1let
Ofi(xr, k € J; ,
Lg

flz)=am, V@)=, ..y .
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Automatic Differentiation (continued)

Theorem (Griewank, 1989):

The work ratio of the reverse mode, i.e., the relative
calculation time of one function and one gradient

evaluation subject to one function evaluation alone, is
bounded by 5.
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Automatic Differentiation (continued)

Example: Helmholtz energy function

Numerical results:

n Wrey Wiid Wnum
20 3.03 4.04 26.01
50 3.13 6.63 51.01
100 3.76 11.88 100.99
200 3.33 22.47 200.89
400 3.70 45.77 400.88

800 3.49 81.59 802.56




PCOMP Syntax

Block structure:

* PARAMETER * SET OF INDICES

* INDEX * REAL CONSTANT

* INTEGER CONSTANT * TABLE <identifier>

* VARIABLE * CONINT <identifier>

* LININT <identifier> * SPLINE <identifier>

* MACRO <identifier> * FUNCTION <identifier>
* END
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PCOMP Syntax (continued)

Format: Similar to Fortran

e arithmetic expressions:

A = 2.0%X*xx2 - 1.2E-5%X*(1 - Y)

e Intrinsic functions:

ABS, SIN, COS, TAN, ASIN, ACOS, ATAN, SINH, COSH
TANH, ASINH, ACOSH, ATANH, EXP, LOG, LOG10, SQRT

e sums and products over index sets:

* FUNCTION f
f = 100*xPROD(x(i)**a(i), i IN inda)
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PCOMP Syntax (continued)

Control statements:

IF (condition) THEN
(statements)

ENDIF

IF (condition) THEN
(statements)

ELSE
(statements)

ENDIF

GOTO (label)

(label) CONTINUE
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PCOMP Syntax (continued)

Example:

* PARAMETER
n = 100

* SET OF INDICES
index = 1..n

* REAL CONSTANT
R = 8.314
T = 273

A(I,J) = 1/(i+j-1), i IN index, j IN index
b(i) = 0.00001, i IN index

* VARIABLE
x(i), i IN index
* FUNCTION £

bx = SUM(b(i)*x(i), i IN index)

xAx = SUM(x(1i)*SUM(A(i,j)*x(j), j IN index), i IN index)

f = R*xT*SUM(x(I)*L0OG(x(i)/(1 - bx)),i IN index)

/ - xAx*L0OG((1 + (1+SQRT(2))*bx)/(1 + (1-SQRT(2))*bx))/(SQRT(8)*bx)
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PCOMP Program Organization

Fortran subroutines:

1. Parser: Analyze source code, generation of intermediate code based on formal
grammar, parser generated by yacc (SYMINP)

2. Interpreter: Compute function, gradient, and Hessian values by interpreting
intermediate code in forward mode (SYMFUN, SYMGRA, SYMHES)

3. Code generator: Generate Fortran subroutines for function and gradient
evaluation (XFUN, XGRA) in reverse mode

Important: New formal expressions and external functions can be attached!
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PCOMP Program Organization

Applications:

e simulation and control of a tubular reactor given in form of a distributed
system (Birk et al.; 1999), also differentiation of high-order Runge-Kutta
formula

e optimal control of ordinary and one dimensional partial differential equations
(PDECON, Blatt and Schittkowski, 2000)

e interactive nonlinear programming including multicriteria, least squares,
min-max, and Ly optimization (EASY-OPT, Schittkowski, 1999)

e data fitting in dynamical systems (EASY-FIT, Schittkowski,2002)
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Case Study: EASY-FIT

Purpose: Interactive data fitting in
e explicit model functions
e steady-state systems
e Laplace transformations of differential equations
e ordinary differential equations
e differential algebraic equations
e one-dimensional partial differential equations

e one-dimensional partial differential algebraic equations
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Case Study: EASY-FIT (continued)

Least squares problem: Only ODE considered

min 30 S wh (b (2, y(z, t), ) — yF)?

gilx) =0, j=1,... ,me
rcR": gi(x) >0, j=me+1,... , m
] < x < @y,

where y(x, t) solution of system of ordinary differential equations
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Case Study: EASY-FIT (continued)

Some features: Only for systems of ODEs
— alternative norms (L1, Loo)
— additional independent model parameter
— switching points, also variable ones
— shooting method
— dynamic constraints

— 463 ODE test examples (among 1,000 in total)

See also: Schittkowski K. (2002): Numerical Data Fitting in Dynamical

Systems - A Practical introduction with Applications and Software, Kluwer
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Case Study: EASY-FIT (continued)

Automatic differentiation:
1. Partial differentiation of hy(x,y(x,t),t) subject to x and y

2. Differentiation of y(x, t) subject to x by sensitivity equations, internal
numerical differentiation, ..., requiring partial derivatives of F'(x,y,t) subject

to = and y and derivative of y"(x)

3. Implicit solvers for stiff ODEs require partial derivatives of F'(x,y,t) subject
to y

4. Partial differentiation of constraints




Case Study: EASY-FIT (continued)

Example: Cooling of a crystallization process

Constants:
* REAL. CONSTANT
mh2o0 = 1659.8
rhos = 2.11
kv = 1
ka = 6
1s = 0.2
g=1.3
b=1.78
* SPLINE Te
0.0 32.0400
0.35000 32.0190
0.60000 31.9953
80.8600 28.9252
81.1100 28.9297
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Case Study: EASY-FIT (continued)

Variables: Partial derivatives subject to subsets

C

C ______________________________________________________
C

C - Independent variables in the following order:
C 1. parameters to be estimated (x)

C 2. variables identifying solution of ordinary
C differential equations (y)

C 3. concentration variable, if exists (c)

C 4. time variable (t)

C

* VARIABLE

kg, kb, m, mueOa, muela, mue2a, mue3a, t
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Case Study: EASY-FIT (continued)

Differential equations:

* FUNCTION dm_t
cs = 0.1286 + 5.88E-3xTe(t) + 1.721E-4*xTe(t)**2
S = (m/mh20 - cs)/ cs
IF (S.GT.0) THEN
xG = kgxS*x*xg

ELSE
xG =0
ENDIF
dm_t = -3*%kv*rhos*xG*muela
C
* FUNCTION dmueOa_t

IF (S.GT.0) THEN
xB = EXP(kb)*mue3a*S*x*xb
ELSE
xB =0
ENDIF
dmueOa_t = xB
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Case Study: EASY-FIT (continued)

Initial values:

C

* FUNCTION mO
mO = 0.4922*mh2o0

C

* FUNCTION mueOaO
mueQa0 = 0.811xmh2o0

C

* FUNCTION muelaO
muelaO = 1.59E-2*mh20

C

* FUNCTION mue2a0
mue2a0 = 3.11E-4*mh20

C

* FUNCTION mue3aO

mue3al0 = 6.1E-6*mh20
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Case Study: EASY-FIT (continued)

Fitting criteria:

C

* FUNCTION FIT1
FIT1 = m/mh2o

c

* FUNCTION FIT2

X = m/mh2o

rho28 = 0.4214*X + 1.0236

rho32 = 0.5433*%X + 0.9667

rhof = (rho32 - rho28)/4.0*%(Te(t) - 28) + rho28
Vges = (m + mh20)/rhof + kv*mue3a

convert = mh2o0/Vges

FIT2 = EXP(-ka/2*1s*convert*mue2a/mh20)
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Case Study: EASY-FIT (continued

Step 1: Create a new problem in the database, insert some information strings
and in particular experimental data

EASY-FIT - [main menu] =10 x|
Fle Edt Stort Report Print Data Delebe Moke Utiites ? JNETES|
M- BESRY|%BeS][@[8 %] 7 a7 8] -@

EASl - FIT Actual Problem: [EIIMG] © ;fy’veﬁ“sﬁiﬂffw‘ @ = Wersion: 334 {Jan 2003]

General Prosiem Information  Pararmete: Estiration Data |

conc | volue 1 |weight __value 2 [weight 2] value 3 | weight 3] value 4 [weight 4 value 5 [weight 5] value 6 weigh <
0 049159 1 1 0 0 0 1 [ 0
| 0 04919154 1 1 0 q 1 0 1 [l 1 [l Sealing
CEEEEE) 1 1 0 q 1 0 1 [l 1 [l |
| 0 04915232 1 1 0 q 1 0 1 [l 1 [l
| 0 1 0 0991654753685 1 q 1 0 1 [l 1 [l Pt
EEEEEE 1 1 [ a
oo 43150 ] ] 3 asurement Set No. Z - x| EI
| 0 04914334 1 1 [
0] 04918339 1 1 0 .
: 0 am7Es T T i Experimental Data
281633 0 0437874 1 1 [
3118 0 047718 1 1 [
3415 0 04317447 1 1 [
] a7y 0 04317136 1 1 [
401567 0 04916787 1 1 [
L 0 1 1 [
46155 0 1 1 [
4817 0 1 1 0
[ sast7] g ”‘m%ﬂ‘ ! ! g Experimental Data
[_| ssiee7 0 04914438 1 1 [
581483 0 04318445 1 1 [
0 1 0 0939636292458 1
| 0 04913024 1 1 [
0 1 0 0999134776576 1
0] 04316621 1 1 [
0] 04315301 1 1 0
Record: 14| <[] 10 v o] of 374 .
Record: 141 < 200 b [ va[re] of 1241

[Ready
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Case Study: EASY-FIT (continued

Step 2: Choose type of dynamical model (ODE, PDE,

structure, and set discretization parameters

EASY-FIT - [
file Edt Start Report Print Data Delete Make Utilties 2

menu]

=Iol=
JSETES]

M- lRaRy|sers|a|@2z]Fa v |6 w|=

@.

EASY - FIT

General Problermn Information | Pararmeter Estimation Data |

Actual Problen: [ETRCETNN @ [of s schitkonsli. @ | % | Voo 234 pan2000)

Model Name: e
Project Number:  [DEMBIMIIIY  Unit for<Valies

Information [Cooling erpstalization (Miler ard Parsvd fomulabion) explicit explicit model functions with concentration values

Modded Type:

system system of steady state equations

Measurement Set: _

Mames ‘ Laplace | - Laplacs formulation of modsl functions with con-

Date: _ Unit fiar Zalues:

temo

User Mame: JEERRERRI | e forrvsles: [

Numerical Method, [BFMEBIIN_ -]  Parameters to be Estimated:

ardei| name [ lower bound

1.000
Tolerances: —
b 1 UUUUE+UU‘ 1.0000E+01

0.0000E+00,  1.0000E +00

Compulation Starting st

Initial Parameter Set
Last Computed
Parameter Set

Record: 14 4 200 b |0 [pk]| of 1241

[Ready

centration valugs and internal backtransformation

system of ardinary differentisl equations with iniisl
values, concentration alues, and switching points

DAE - system o differsntial algebraic equations upto
index 3 with iniial values, concenration walues,
and switching points

e |- system of ane-dimensional. time-dependent partisl
E3 ODE Model Parameters

Mumber of Differential Equations: - ﬂ
Murnber of Measurement Sets: - j Break Points
Mumber of Concentration 'alues: - ﬂ Constraints

Shoating [ndex: - ﬂ

define model
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Case Study: EASY-FIT (continued)

Step 3: Implement model equations and check correct syntax

i3 EASY-FIT Editor
Eile Edit ‘Window Parse Help

problems', COOL_CRI.FUN]

BERHE 4 BRR|2 - E

Eatalatiaiaiaialiainlal

=M =N

=M

C

141

Ealatalialiaial
|

80,8600 28,0252
81.1100 28,0267

- Independent wvariables in the following order:
i.

parameters to he estimated (x)

2. wariables identifying solution of ordinary
differential equations

3. concentration wvariable, if exists (c)

4. time variable (t)

VARIABLE
kg, Tnkk, m, mueta, muela, mueZa, mue3a, T

Functions defining right-hand side of system of
ordinary differential eguations:

FUNCTIOM dm_t
cs = 0.1286 + 5.8BE-3%Tedt) + 1.721E-4%Teltl)¥¥2
s = (m/mh2o - <s2/ cs
IF (S.GT.0) THEM
w5 = kg¥serg
ELSE
XG = 0
ENDIF
dm_t = -3*kv*rhos¥xG*mueza

FUNCTIOM dmueOa t
IF (S.GT.00 T
xB = ExP(Tnkb)“mueSa”S**b

ELSE

xB = 0
ENDIF
dmueda_t = xB

FUNCTIOM dmuela_t
IF (5.GT.0) THEN
xG = kg¥s¥ig

ELSE
xGz = 0
ENDIF
dmuela_t = xa*mueda

FUNCTION dmueza_t
IF (5.5T7.0) THEHM
Xz = kg¥s¥¥g

ELSE
wiz o= 0
ENDIF
dmueZa_t = 2¥xG¥"muela

Ln1, Col1 IS
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Case Study: EASY-FIT (continued)

Step 4: Define parameters to be estimated, select least squares solver, set
termination tolerances, and start data fitting run

0
S
o
]
al
V]
al
]
al
vl

2
s
s
[ 0.00000001
oo
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Case Study: EASY-FIT (continued)

Step 5: Check report, especially parameter values and residuals

3
|¥-&[ODDB o - ox - B n- |0

N4
H
BERE
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