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Introduction
• Nonlinear processes and phenomena: NLP models in 
the sciences, engineering, and economics 

• Nonlinear models frequently possess multiple optima: 
hence, their solution requires a suitable global scope 
search approach

• The objective of global optimization is to find the 
“absolutely best” solution of decision models, in the 
possible presence of  local (sub-)optima



(C) Janos D. Pinter, PCS Inc.

Introduction (continued)

• Global optimization is a relatively new field: “noticeable 
interest” and research efforts only since ~ 1970

• Solid general theoretical foundations since ~ 1980: globally 
convergent, exact deterministic and stochastic algorithms; 
as well as a range of heuristic approaches

• Availability of several gradually developed/improved, 
“professional level” global optimization codes; in addition, a 
significant variety of “research” codes since ~ 1990

• Collaboration between the GAMS Corp. & the developers of 
BARON, LGO, and OQNLP → GAMS/GO solvers (~ 2000)
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Introduction (continued)

• Topics covered 
Brief GAMS review 
General GO model statement and related notes
LGO solver: current implementations 
LGO solver: key features 
GAMS/LGO implementation and usage 
Illustrative numerical example(s) 
Existing and prospective applications
Illustrative references
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GAMS (General Algebraic 
Modeling System)

• GAMS: development started as a research project at the 
World Bank (1976); GAMS Devpt. Corp. (1988)

• GAMS book by Brooke, Kendrick & Meeraus (1988); 
subsequent revisions; currently, extensive further  
documentation is available: papers, technical reports, 
lectures, model libraries, web sites…

• GAMS: integrates core model development/parser system 
and a range of connected solver options

• 10,000+ users in over 100 countries (2003)
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GAMS Solver Options   (October 2003)
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GAMS NL Solvers
• Nonlinear modeling capabilities have been available in 

GAMS from the beginning
• Some 3000 licensed GAMS systems are equipped with 

NLP solver capability + educational users 
→ significant potential interest in GO solvers

• Availability of local NL solvers (2003): NLP (MINOS, 
CONOPT, SNOPT, LSGRG, PATHNLP, MOSEK, 
TRAMP) and MINLP solvers (DICOPT, SBB)

• Implementation of a range of algorithms and methods 
(B&B, GRG, OA, SLP, SQP,…) improves the overall 
reliability of nonlinear modeling and solution efforts, to 
the benefit of modelers/users
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GAMS Global Solvers
Available solvers:
• BARON Branch-and-reduce solver system

by The Optimization Firm
• LGO Global/nonlinear optimization solver suite

by PCS
• OQNLP OptQuest/NLP solver system

by OptTek Systems and Optimal Methods

Key differences between the global solver options:
• underlying algorithms
• external solver needs
• optimality guarantees provided 
• model forms they can handle
• model sizes they can handle
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GAMS Global Solvers (continued)

• All solvers benefit from GAMS system services:
– Search algorithms often have difficulties with equalities: 

(automatic) defining equation elimination by GAMS
– Dual solution unavailable, approximate solution only:

optional “polishing” call (CONOPT or other local solvers) 
from solution found by global solver

– Currently, no MINLP capability (in LGO): 
B&B code SBB can make use of GAMS NLP sub-solvers

• Seamless exchange of solvers is supported: for example, 
setting option nlp=lgo activates LGO

• Other benefits: benchmarking (model libraries such as 
GlobalLib, PAVER), model converter utility, additional 
model examples, documentation & technical notes
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min f(x) f: Rn R1

g(x) ≤ 0 g: Rn Rm

xl ≤ x ≤ xu x, xl, xu, (xl < xu) are real n-vectors

“Minimal” analytical assumptions: 
• xl, xu finite
• feasible set D={xl ≤ x ≤ xu: g(x) ≤ 0} non-empty 
• f, g continuous 
These guarantee the existence of global solution set X* 
Typically, we assume that X* is finite (at most, countable)
CGO covers a very general class of models, including all 
combinatorial and mixed integer (MIP) problems 

Continuous GO Model
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GO models can be arbitrarily difficult to solve,
even in (very) low dimensions…
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f(x)=x·sin(πx) 0 x 1000

Illustrative GO Model, n=1
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Numerical difficulty may increase exponentially, 
as model size (n, m) grows

Illustrative GO Model, n=2
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• Practical objective: solution estimates, on the basis of finite 
sequences of search points and corresponding function values 
{x1,…,xk}, {f1,…,fk}, {g1,…,gk} (Note: higher order information, as 
a rule, has no general value in the context of global search)

• If the functions f and g are Lipschitz-continuous, then - based 
on the sample sequence - deterministic lower/upper bounds 
can be derived; hence, a rigorous convergence theory can be 
developed (|h(x1)-h(x2)|≤L||x1-x2 || for x1,x2 D; L=L(D,h) 0)

• If the model functions are “only” continuous, then stochastic
convergence is the best one can aim for - and it can be properly 
established

• Implementation issues and challenges: “only a few details”…

Solving GO Models
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• The LGO (Lipschitz Global Optimizer) solver suite has been 
designed and developed with GO models in mind that do not -
or may not - have an easily identifiable and “exploitable” 
special structure

• This scope specifically includes “black box” models, and 
models with computable (perhaps non-analytical) functions: 
examples will be shown and listed later on

• Note that more structured GO models - e.g. with convex, 
concave or indefinite QP objectives over convex domains -
also belong to the scope of LGO (as a rule, with a relatively 
small performance “hit” - due to its “broad-minded” global 
search methods, followed by classical local searches)

LGO Solver Suite: General Scope
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• LGO integrates several global search algorithms
adaptive partition and search (branch-and-bound) 
adaptive random search 
adaptive multi-start
heuristic (continuous) scatter search
and “traditional” local optimization methods
exact penalty method, box-constrained local search
generalized reduced gradient method

• This approach flexibly supports the search for global or 
local solutions in optimization models defined by continuous 
(or Lipschitz) functions, w/o further necessary analytical 
conditions

LGO Solver Suite: Components
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• No external solver needs; combinations with local solvers 
are possible, and easy to add
• Optimality guarantees provided: exact and stochastic 
(deterministic, if model Lipschitz constants are known or can 
be properly over-estimated during optimization)
• Model forms handled: arbitrary continuous model functions
• Model sizes: in principle, arbitrary (depending on processor 
and RAM), but: “curse of dimensionality”... typical current 
delivery versions: thousand(s) of variables and constraints
• Customized versions of LGO implemented for several 
major modeling platforms; used in advanced scientific, 
engineering, and economic applications for over a decade

LGO Solver Suite: 
Characteristics and Implementations
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• LGO “silent” version with a text I/O interface (compiler-
based; with Fortran, C, Delphi, API,... connectivity)

• LGO IDE, with a Windows interface (as above)

• LGO solver engine for Excel (PSP solver family)

• LGO external solver link to Mathematica (MathOptimizer
Professional)

• Further similar development in progress

LGO Solver Implementations     (continued)
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MathOptimizer and MathOptimizer Professional 
Software review in Scientific Computing World (July - August 2003)
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GAMS/LGO Solver Operations
GAMS Model

Model description/preprocessing GAMS/LGO

Solver options                   Solution report

↓ ↑
LGO Solver Suite

Global search methods for multiextremal models 

Local search methods for convex nonlinear models
↓ ↑

Optional calls to other GAMS solvers
and to external program systems
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Option Description Default
Opmode Specifies the search mode used.

0   Local search from the given nominal
solution without a preceding global
search (LS)
1   Global branch-and-bound search and
local search (BB+LS)
2   Global adaptive random search and
local search (GARS+LS)
3   Global multistart random search and
local search (MS+LS)

3

Tlimit Time limit in seconds. This is
equivalent to the GAMS option
reslim. If specified, this overrides the
GAMS reslim option.

1000

Log_time Iteration log time interval in seconds.
Log output occurs every log_time
seconds.

0.5

Log_iter Iteration log time interval. Log output
occurs every log_iter iterations.

1

Log_err Iteration log error output. Error reported
(if applicable) every log_err
iterations.

10

Debug Debug option. Prints out complete LGO
status report to listing file.
0: No
1: yes

0

CallConopt Number of seconds given for cleanup
phase using CONOPT. CONOPT
terminates after at most CallConopt
seconds. The cleanup phase determines
duals for final solution point.

10

Help Prints out all available GAMS/LGO
solver options in the log and listing
files.

GAMS/LGO

General Options
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GAMS/LGO

Limits and Tolerances

Option Description Default
G_maxfct Maximum number of merit function

evaluations before termination of global
search phase (BB, GARS, or MS). The
difficulty of global optimization models
varies greatly: for difficult models,
g_maxfct can be increased to
1.0E+6, or even larger values, as
needed.

1000
*(n+m)

Max_nosuc Maximum number of merit function
evaluations in global search phase (BB,
GARS, or MS) where no improvement
is made. Algorithm terminates upon
reaching this limit.

200
*(n+m)

Penmult Constraint penalty multiplier. Global
merit function is defined as objective +
the violated constraints weighted by
penmult.

1

Acc_tr Global search termination criterion
parameter (acceptability threshold). The
global search phase (BB,GARS, or MS)
ends, if an overall merit function value
found in the global search phase is less
than acc_tr.

-1.0E10

Fct_trg Partial stopping criterion in second local
search phase.

-1.0E10

Fi_tol First local search merit function
improvement.

1.0E-6

Con_tol Maximal constraint violation in local
search.

 1.0E-6

Kt_tol Kuhn-Tucker local optimality condition
tolerance.

 1.0E-6

Irngs Random number seed. 0
Var_lo Smallest lower bound -1.0E10
Var_up Largest uppder bound 1.0E10
Bad_obj Default value for objective function

given evaluation errors.
1.0E10
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Model Formulation in 
GAMS: An Example
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← GAMS Preprocessing Step

← LGO Solver Result Summary
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Performance Profile Summary for a Set of GLOBALLib Models:

GAMS/LGO Solver Modes vs. Three State-of-Art Local Solvers 
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Advanced GO Applications
An Illustrative List

The list below is primarily based on actual (PCS client) 
case studies and projects, and a few articles / reports

• Chemotherapy and radiotherapy design 
• Computational physics and chemistry
• Chemical data and process analysis  
• Data classification (clustering) and visualization 
• Differential equations (numerical solution)
• Engineering design 
• Experimental design 
• Environmental engineering 
• Financial model development
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Application Examples (Continued)

• Laser design
• Model fitting to experimental data (in various calibration or 

forecasting contexts)
• Packing and loading configuration design
• Resource / population (fish stock,...) management
• Robotics (grasp) design
• Staff scheduling
• Systems of (nonlinear) equations and inequalities
• Vehicle routing and scheduling
• Waste-water engineering system design

and some other areas
Several advanced applications are highlighted on the next slides
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Globally optimized model fit (found by MathOptimizer)
a+Sin[b*(Pi*t)+c]+Cos[d*(3Pi*t)+e]+Sin[f*(5Pi*t)+g] +ξ

Calibration of Nonlinear Model in Presence of Noise
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HDHD Challenge, Problem 9: Parametric Integration

a

The heavily oscillating integral makes 
numerical solution difficult… 
MathOptimizer (as well as LGO) works 
with noisy function values: the solution 
found is accurate to 99.9% relative 
precision a* ~ 0.7859336743 
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LGO IDE: model visualization (m=13, d=2)

MaxiMin Point Arrangement Problem (U. of Tilburg, NL)
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Non-Uniform Circle Packings

On the pictures shown below, 10 circles - with radii 0.1, 0.2,..., 1.0 -
are arranged; equal consideration is given to the “tightness” of the 
configuration and the radius of the embedding circle (emb_c_rad)

Three different configurations found (MOP runtimes ~ 2 to 5 min)
emb_c_rad=2.28345  emb_c_rad=2.26559 emb_c_rad=2.26107
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Laser Equipment Design (NRC, Canada)
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Globally optimized dose distribution

Intensity Modulated Radiotherapy (U. of Kuopio, FI)
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R0
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Cb

Cg

Ld Rd

Cp

Lp

Rp

Cs Ls Rs

Lr Rr
V

TWT

α

TWT

β

TWT

γ

The optimization problem consists of finding a set of circuit 
design parameters such that the sonar projector gives a 
broad efficiency vs. frequency 
This model has been solved using MathOptimizer: the results 
have been applied to the actual design of sonar equipment

Sonar Transducer Design: Numerical Model (DRDC)

This electric circuit simulates a piezoelectric sonar projector
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Integrated Design and Operation of Waste-Water Plant

33 DAEs
16 path constraints
30 bounds on states
44 states, 8 design variables

qi si xi

qpqp
qr   sr   xrqr   sr   xr

qq22 qrqr2 2 sirsir22 xirxir22
qq33

qqsalsalqq11 qq2222 ss22qq1212 ss11

qr1

fk2

xd1
xb1
xr1

xirxir11

sirsir11

xx1 1 cc11 xx22 cc22fk1

ss11 s2
xd1
xb1
xr1

PerturbationsPerturbations

Manipulated 
variable

Manipulated 
variable

Controlled 
variable

Controlled 
variable

Objective: to find the design of the units, the operating conditions and the 
parameters of the controller which minimize a weighted sum (C) of economic 
terms (φecon) and a controllability measure (ISE)

This model has been analyzed and solved using an LGO DLL version

Marine Research Laboratory 
(Vigo, Spain)
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Conclusions
• Brief Review: 

GAMS, GO, LGO
LGO solver modes 
Illustrative applications

• Benefits of Global Optimization:
Global scope search: hence, often improved solutions
Added modeling freedom: more realistic models, new 
possibilities (and markets)

• Models welcome; additional documentation available
Workshops, consulting services offered



(C) Janos D. Pinter, PCS Inc.

Illustrative References
• Over one hundred GO books

• Kluwer AP Non-Convex Opt. And its Appls. series: 60+ 
volumes (2003)

• Handbook of GO, Vols. 1-2 

• J. of Global Optimization

• J. of Heuristics

• Many thousands of research articles and reports

...
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Illustrative References (cont’d)

Some recent work by JDP & colleagues

• Chapter 15 in Handbook of Global Optimization, Vol. 2
• Radiotherapy: Tervo et al; Annals of Opns. Res. (2003)
• Model calibration: JDP; Opt. Methods & Software (2003)
• Laser design: Isenor, JDP & Cada, Opt. & Engrg. (2003) 
• MathOptimizer / MathOptimizer Pro applications: 

Kampas and JDP; The Mathematica Journal (to appear)
• Global Optimization: Selected Case Studies

JDP, ed.; Kluwer AP (forthcoming) 
• Nonlinear optimization in modeling environments (in ed. Vol.)
• Numerical GO tests: Khompatraporn, JDP & Zabinsky; 

J. of Glob. Opt. (to appear)
• GAMS/LGO: JDP (submitted)
• MathOptimizer and ModelMaker: JDP and Purcell (w.i.p.)
...
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Research monograph: theoretical background of LGO solvers; applications



(C) Janos D. Pinter, PCS Inc.

“Easygoing” e-book; GO review, includes demos of the LGO IDE
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Global Optimization
Scientific and Engineering Applications

with Mathematica® Examples

János D. Pintér

ELSEVIER 

SCIENCE 

Joint work with 
Frank J. Kampas

(forthcoming, 2004)
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Thanks for your attention!
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Global Optimization
with GAMS/LGO

Introduction, Usage, and Applications

János D. Pintér
PCS Inc., Halifax, NS, Canada

GAMS Global Optimization Workshop
Washington, DC     Sept 18, 2003
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LGO modeling and solver system (+ IDE): MS Windows version
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LF95 - the main 
development 
platform for LGO
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MathOptimizer and
MathOptimizer Profession
for Mathematica users
(also available from PCS)
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GAMS Performance World: PAVER Benchmarking Tool
(Mittelmann and Pruessner, 2003)

Automatic solver
performance
analysis and
visualization

Tests 
provide
trace file
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Metrics based on solver

• robustness

• efficiency

• quality of solution (objective value, feasibility level)

Elements of subjectivity

• test models used 

• solver parameterizations and options

“Remedies” 

• standard test collections, including randomized 
model-classes 

• compare solver performance trends 

References: DTOS, GAMS, NEOS; JDP paper
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An Illustrative Test Model (N.L. Trefethen)

→
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$title Trefethen's HDHD 2002 Challenge, Problem 4
$ontext
Trefethen's GO model: a 2-var, 0-cons problem, with many local optima
Source: SIAM News, Jan - Feb 2002 issue
Solution: x* ~ (-0.0244030796, 0.2106124272);  f(x*) ~ -3.306868647
$offtext
variables f, x1, x2;
equations objf;
objf.. f =e= 0.25*(x1*x1+x2*x2) + exp(sin(50.*x1)) + sin(60.*exp(x2))

+ sin(70.*sin(x1)) + sin(sin(80.*x2)) - sin(10.*(x1+x2));
model trefethen4 / all / ;
x1.lo = -3;
x1.l = -2;
x1.up = 3;
x2.lo = -3;
x2.l = 2;
x2.up = 3;
solve trefethen4 using nlp minimizing f; // nlp=lgo option is set

Trefethen's Problem 4 (continued)



(C) Janos D. Pinter, PCS Inc.

Trefethen's Problem 4 (continued)

• Solution found by LGO: 
x* ~ (-0.0244030796, 0.2106124272);  
f(x*) ~ -3.306868647

• This solution is identical to at least 10 decimal digits to the 
“true” solution reported by SIAM News (July-August 2002)

• LGO runtime << 1 second (P4 desktop PC)
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Trefethen's Problem 4 
Contour Plot of Objective Function

1
4
Ix2 + y2M+ ãsinH50 xL- sinH10Hx+ yLL+ sinH60ãyL+ sinH70sinHxLL+ sinHsinH80 yLL

Thousands of 
local optima; 
a single global 
solution...


